Incompressible Turbulence as Nonlocal Field Theory by Verma, Mahendra K.
ar
X
iv
:n
lin
/0
51
00
43
v1
  [
nli
n.C
D]
  1
9 O
ct 
20
05
Inompressible Turbulene as Nonloal Field Theory
Mahendra K. Verma
1, ∗
1
Department of Physis, Indian Institute of Tehnology, Kanpur 208016, INDIA
It is well known that inompressible turbulene is nonloal in real spae beause sound speed is
innite in inompressible uids. The equation in Fourier spae indiates that it is nonloal in Fourier
spae as well. Contrast this with Burgers equation whih is loal in real spae. Note that the sound
speed in Burgers equation is zero. In our presentation we will ontrast these two equations using
nonloal eld theory. Energy spetrum and renormalized parameters will be disussed.
PACS numbers: 47.27.Ak, 47.27Gs
I. INTRODUCTION
Generi Equations in Physis, like Diusion Equation, Shrodinger Equation are loal in real spae. Take
Shrodinger's equation for example:
−ih¯∂ψ
∂t
= − h¯
2
2m
∇ψ + V (x)ψ,
where V (x) is the potential, and ψ(x, t) is the wavefuntion. Clearly, to ompute ψ(x, t + dt) given ψ(x, t), we need
the loal funtion, and nite number of its derivatives. In this talk we investigate whether the equations for uid
ows is loal or not.
Fluid ows are desribed by Navier-Stokes (NS) equation, ontinuity equation, and the equation of state given
below:
∂u
∂t
+ (u · ∇)u = −1
ρ
∇p+ ν∇2u, (1)
∂ρ
∂t
+∇ · (ρu) = 0, (2)
p = p(ρ), (3)
where u, p, ρ are the veloity, pressure, and density eld respetively. νis the kinemati visosity of the uid. We
nondimensionalize the above equations by saling the quantities appropriately, e. g., divide u by veloity sale U .
Navier-Stokes equation gets modied to
∂u
∂t
+ (u · ∇)u = −C
2
s
U2
∇ρ+ ν
UL
∇2u (4)
where L is the length sale, and Cs =
√
dp0
dρ0
is the Sound Speed. If the sound speed Cs and
ν
UL are nite, then we
an nd u(x, t+ dt) and ρ(x, t+ dt) given u(x) and ρ(x, t) ( assuming that u(x, t),ρ(x, t), and their rst and seond
derivatives are nite). For typial ows
ν
UL is nite, so for nite Cs, Navier-Stokes equation is loal in real spae.
Note that the disturbanes propagate with the sound speed. The larger the sound speed, larger the range of inuene
per unit time. Still the inuene moves loally as long as the sound speed is nite. When the sound speed is innite,
then disturbanes an propagate instantaneously, and all parts of the system starts interating; hene the system
beomes nonloal. Hene, the equations for uid ows beome nonloal when the sound speed is innite, whih is the
ase for inompressible uids (δρ = 0). The speed of propagation is innite in Newton's law of gravitation as well as
in Coulomb's interations between the harged partiles. These are some other examples of nonloal interations in
physis.
We an abstrat the above physis using a 2D mesh of spring-mass system. For nite spring onstant, the disturbane
propagates with a nite speed, and the physis is loal. When the spring onstant is very large, the physis is still
∗
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2loal, but the range of propagation per unit time beomes quite large. Here mass is pulled-pushed by loal spring
only (4 of them). When the spring onstant beome innite, then whole system behaves like a solid and the speed of
propagation beomes innite. This system has nonloal interations; the movement of the mass at a point is aeted
by masses and springs at large distanes. In fat, in this nonloal system, we an think of a mass onneted by all
other masses, like in Coulomb's interations or in Calegaro-Sutherland model.
Any real uid has nite sound speed however large it may be. In pratie, the uid is onsidered inompressible
if Cs/U ≫ 1. The properties of this uid is expeted to math with the ideal inompressible uid. This is based
on an assumption that the properties of uid with Cs → ∞ mathes with Cs = ∞, or (Cs → ∞) = (Cs = ∞).
This assumption seems reasonable, but we are not aware of any strit mathematial result showing this. Note that
(ν → 0) 6= (ν = 0).
In the next setion we disuss inompressible Navier-Stokes equation.
II. INCOMPRESSIBLE NAVIER-STOKES
Before we proeed further, we remark that for inompressible uids the normalized −∇p = −C2sU2∇ρ is nite even
though Cs is innite. Also note that the normalized term
ν
UL∇2u is nite.
The ontinuity equation yields a onstraint equation
∇ · u = 0,
the substitution of whih in NS equation gives Poission's equation for p,
∇2p = −∇ · {u · ∇u}
Therefore,
p(x, t) =
∫ −∇ · {u · ∇u}
|x− x′| ,
whih is the Coulomb's operator (nonloal). Clearly the omputation of p(x, t) and onsequently that of u(x, t + dt)
requires knowledge of u(x′) at all positions. This is another way to infer that inompressible NS is nonloal in real
spae. Landau [1℄, Frish [2℄, and others reahed the above onlusion.
It is ustomary to study NS in Fourier spae. Let us investigate whether NS is loal or nonloal in Fourier spae.
NS equation in Fourier spae is
∂ui(k, t)
∂t
= −ikj
∫
uj(q)ui(p) + iki
kjkm
k2
∫
uj(q)um(p)
with k = p+ q. Note that the seond term arises due to pressure.
Sine ui(k, t) requires knowledge of uj(q)ui(p) where p and q ould be very dierent from k, hene NS is nonloal
interations in Fourier Spae. If we interpret NS in terms of energy transfer, we nd that the energy is exhanged
between the all the three modes of the triad. Kraihnan [3℄ and Dar et al. [4℄ devised formulas to measure the strength
of interations in uid turbulene. In this paper we will use Dar et al.'s mode-to-mode formalism [4℄ in whih the
energy transfer rate from Fourier mode p to Fourier mode k with Fourier mode q ating as a mediator is given by
S(k|p|q) = Im[k · u(q)u(p) · u(k)]. (5)
The above quantity an be omputed using numerial simulation or using analyti tools. Earlier, Domaradzki and
Rogallo [5℄ and Walee [6℄ alulated the above using EDQNM approximation. Reently Verma et al. [7℄ alulated
the above using eld-theoreti tehnique. In this paper we will report analytial result obtained using rst-order
eld-theoreti alulation. In this sheme, under the assumption of homogeneity and isotropy we obtain
〈S(k′|p|q))〉 = T1(k, p, q)C(p)C(q) + T2(k, p, q)C(k)C(q) + T3(k, p, q)C(k)C(p)
ν(k)k2 + ν(p)p2 + ν(q)q2
, (6)
where Ti's are funtions of k, p and q. To save spae, we have skipped all the details for whih the reader is referred
to Verma et al. [7℄.
We fous our attention on the inertial range where the interations are self-similar. Therefore, it is suient to
analyze S(k′|p|q) for triangles (1, p/k, q/k) = (1, v, w). Sine, |k − p| ≤ q ≤ k + p, |1 − v| ≤ w ≤ 1 + v, hene any
interating triad (1, v, w) is represented by a point (v, w) in the hathed region of Fig. 1 [8℄.
3Figure 1: The interating triad (k,p,q)/k = (1, v, w) under the ondition k = p+ q is represented by a point (v, w) in the
hathed region. The axis (v′, w′) are inlined to axis (v, w) by 45 degrees. Note that the loal wavenumbers are v ≈ 1, w ≈ 1
or v′ ≈ w′ ≈ 1/√2.
Figure 2: Density plot of 〈S(v′, w′)〉 of Eq. (6) without the braketed fator for (a) 3D (b) 2D.
For onveniene, 〈S(v′, w′)〉 are represented in terms of new variables (v′, w′) measured from the rotated axis shown
in the gure 1. It is easy to show that v = 1 + (v′ − w′)/√2, w = (v′ + w′)/√2.
The loal wavenumbers are v ≈ 1, w ≈ 1, while the rest are alled nonloal wavenumbers. We substitute C(k) and
ν(k) in Eq. (6) and rewrite S(k|p|q) in terms of v′, w′. For details refer to Verma et al. [7℄. Fig. 2 illustrates the
density plots of 〈S(v′, w′)〉. Fig. (a) shows the plot for 3D, while Fig. (b) shows the one for 2D. We an draw the
following onlusions from the plots.
1. When v′ → 1 or v → 0, we nd that S(k|p|q) is large positive for 3D and large negative for 3D. This shows that
the nonloal interations are strong.
2. The value of S at (v, w) = (1, 1), or (v′, w′) = (1/
√
2, 1/
√
2) is zero in both 2D and 3D. When v ≈ w ≈ 1, S is
small indiating that loal interations are small.
3. When v → 0, S > 0 for 3D and S < 0 for 2D. This is reminisent of forward asade in 3D, and bakward
asade in 2D.
Hene, we nd that the interations in the inompressible uid turbulene is nonloal. This result appears to ontradit
Kolmogorov's phenomenology whih predits loal energy transfer in Fourier spae. We will show below that the shell-
to-shell energy transfer rates are loal even though the interations are nonloal.
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Figure 3: Plots of normalized shell-to-shell energy transfer Tnm/Π vs. n−m for m = 4..9. The plots ollapse on eah other
indiating self-similarity.
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Figure 4: Plot of normalized shell-to-shell energy transfer Tnm/Π vs n −m for d = 3. The nth shell is (k0sn, k0sn+1) with
s = 21/4. The energy transfer is maximum for n = m±1, hene the energy transfer is loal. The energy transfer is also forward.
III. SHELL-TO-SHELL ENERGY TRANSFERS IN TURBULENCE.
The wavenumber spae is divided into shells (k0s
n, k0s
n+1), where s > 1, and n an take both positive and negative
values. The energy transfer rate from mth shell (k0s
m, k0s
m+1) to nth shell (k0s
n, k0s
n+1) is given by [4℄
Tnm =
∑
k0sn≤k≤k0sn+1
∑
k0sm≤p≤k0sm+1
〈S(k|p|q)〉 . (7)
If the shell-to-Shell energy transfer rate is maximum for the nearest neighbours, and dereases monotonially with
the inrease of |n−m|, then the shell-to-shell energy transfer is said to be loal.
Tnm an be omputed using numerial simulations or using analytial tools. Zhou [9℄ alulated similar quantity.
In the following we plot Tnm obtained using numerial simulation [7℄. Clearly, shell-to-shell energy transfer is loal as
envisaged by Kolmogorov.
We [7℄ have also omputed the shell-to-shell energy transfer rates using eld-theoreti method. The reader is referred
to the original paper for the details. The plots of Tnm for both 3D and 2D uid turbulene given below.
From the above plot we an learly dedue that energy transfer in 3D uid turbulene is loal. In fat, the values
obtained from analytial alulations math very well with the numerial values shown in Fig. 3.
We have done similar analysis for 2D uid turbulene. The result is shown below:
The shell-to-shell energy transfer rates to the nearby shells are forward, whereas the transfer rates to the far o
shells are bakward. The net eet is a negative energy ux. This theoretial result is onsistent with Dar et al.'s
numerial nding [4℄. The inverse asade of energy is onsistent with the bakward nonloal energy transfer in
mode-to-mode piture [S(k|p|q)℄ (see Fig. 2). Verma et al. [7℄ have shown that the transition from bakward energy
transfer to forward transfer takes plae at dc ≈ 2.25.
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Figure 5: Plot of normalized shell-to-shell energy transfer Tnm/ |Π| vs n − m for d = 2 in the inertial range. The energy
transfer rate from the shell m to the shells m+ 1, m+ 2, m+ 3 is forward, but m+ 4 onward it is negative. The net eet of
all these transfer is the inverse energy ux Π.
To summarize, the triad interations in inompressible uids is nonloal both in real and Fourier spae. However,
the shell-to-shell energy transfer is loal in Fourier spae. Verma et al. [7℄ attribute this behaviour to the fat that
the nonloal triads oupy muh less Fourier spae volume than the loal ones.
IV. FULLY COMPRESSIBLE LIMIT: BURGERS EQUATION
Let us go bak to Eq. (4) and take the limit Cs = 0. This is the fully ompressible limit, and the resulting equation
was rst studied by Burgers. This equation, given below, is known as Burgers equation (stritly speaking in 1D).
∂u
∂t
+ (u · ∇)u = ν∇2u.
Clearly this equation is loal in real spae. What about in Fourier spae?
In Fourier spae, the above equation is given by
∂ui(k, t)
∂t
= −i
∫
uj(q)pjui(k − q)− νk2ui(k),
whih implies that the interations are nonloal in Fourier spae. Note that the pressure term is absent in the above
equation.
The eld-theoreti treatment of the above equation is rather omplex for arbitrary dimension. Here we attempt
the self-onsistent eld-theoreti treatment of one-dimensional Burgers equation for 1D Burgers equation. In 1D, the
energy spetrum of Burgers equation is given by
C(k) = A
µ2
L
k−2, (8)
where L is the length of the system, µ is the shok strength, and A is a onstant. Using dimensional arguments, we
write the renormalized visosity of the following form [10, 11℄:
ν(knk
′) = ν∗(k
′)µ
√
A
L
k−3/2n . (9)
Unfortunately straight-forward appliation of self-onsistent Renormalization Group (RG) proedure of MComb
[10, 11℄ does not work. The ontributions of < u>(p)u>(q) > is negligible; one needs to ome up with a leverer
renormalization sheme to obtain the renormalized visosity.
6To make a onnetion with Kolmogorov's theory of uid turbulene, we rewrite Eq. (8) as
C(k) = A[Π(k)]2/3k−5/3
with the ux funtion Π(k) as
Π(k) =
µ3
L3/2
k−1/2. (10)
Note that the ux Π has beome k-dependent. Verma [12℄ and Frish [2℄ have shown that the ux funtion follows a
multifratal distribution.
Question is whether we an ompute the ux using eld-theoreti method. Sine Burgers equation is ompressible,
the formula S(K|p|q) is not appliable [13℄. However we an still write the ux using Kraihnan's ombined energy
transfer formula [3℄. The energy ux rossing a wavenumber k0 is given by
Π(k0) =
∫
k>k0
dk
∫
p<k0
1
2
ℑ [−ku(p)u(q)u(k)] ,
with k+p+ q = 0. We apply rst-order perturbative method assuming u(k) to be quasi-normal as in uid turbulene.
We also make a hange of variable to
k =
k0
u
; p =
k0v
u
; q =
k0w
u
.
To rst order,
Π(k0) =
k20
2
∫ 1
−1
du
∫ u
−u
(k)
kC(p)C(q) + pC(k)C(q) + qC(k)C(p)
ν(p)p2 + ν(q)q2 + ν(k)k2
=
A3/2
ν∗
Π(k0)
∫ 1
−1
dv 2(1− v1/2)w
−2 + v−2 − (vw)−2
1 + v1/2 + w1/2
,
with w = 1− v. We nd that the above integral onverges and is equal to 2.45. Hene,
1 =
A3/2
ν∗
2.45.
Thus we show that C(k), ν(k),Π(k) given by Eqs. (8, 9, 10) are onsistent solution of 1D Burgers equation. Note
however that the renormalization group analysis of Burgers equation is somewhat unertain.
The spetral index of Burgers equation (−2) is very dierent from the the spetral index of inompressible uid
turbulene (−5/3). The dierene arises due to the neglet of −∇p term in Burgers equation. The ompressible
eets are dierent in these two equations. Burgers equation is loal real spae, while inompressible NS is nonloal
in real spae.
It is interesting to ompare the above results with Nonommutative eld theory, where the nonloal interations
are inluded using parameter θ. Burgers equation is loal, while inompressible NS is nonloal due to −∇p term.
Note that the ∇p term is nonloal in Coulomb's operator sense (V ∼ 1/r). We are not aware of eld-theoreti ideas
applied to Coulomb;s operator, whih is one of the most important operator in physis. We hope this investigation
and its onnetion with uid turbulene will be arried out in future.
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